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ARITHIVIETIC PROPERTIES OF THE





$\alpha$ $\alpha=[a_{0}; a_{1}, a_{2}, \ldots]$ n p /qn $=[a_{0} ; a_{1}, \ldots, a_{n}]$
$p_{n}$ $q_{n}$
$p_{n}=a_{n}p_{n-1}+p_{n-\underline{9}}$ $(n\geq 0)$ , $p_{-1}=1$ , p-2=0
qn=a qn-l+qn-2 $(n\geq 0)$ , $q_{-1}=0$ , $q_{-2}=1$
p -lqn-p q -l $=(-1)^{n}$
$p_{\nu\iota-\underline{\supset}}.q_{n}$ –pnq -2 $=(-1)^{n-1}a_{n}$
( [2], [3] )
Elsner [1] $\mathrm{u}\mathrm{l}\mathrm{e}\mathrm{r}\Re$ e 2
$e=[2;1,2,1,1,4,1, \ldots]=[^{\underline{\eta}};\neg 1,2n\cdot,$$1.n=1\infty$ ,
$P_{n}=p_{3n+1}$ , $Q_{f\iota}=q_{3n+1}$. $(n$. $\geq 0)$
$P_{-1}=P_{-2}=Q_{-1}=1$ , $Q_{-2}=-1$ ,















$[a0j\overline{C\iota_{1\backslash }/\iota_{\underline{)}}..c\iota\cdot \mathrm{J}\ldots \mathrm{r}\iota_{\mathrm{A}}\eta.}]_{?-- 1}^{\mathrm{x}},\backslash J’.-$
$a_{0}$ $a_{i}=a_{j}..(\prime rl)$
$(i=1,2, \ldots, h’.)$ $n$ . $=1,9$-, . . . n.
$k$, ( $k$ )
1. $\alpha$ $\alpha=[a0;\overline{T(rl\cdot),c_{2},c_{3},\ldots,c_{k^{\sim}}}]_{n=1}^{\infty}$.
$T(x)$ $T(n)$ n, $=1,2,$ $\ldots$ $k$ $c_{2},$ $c_{3},$ $\ldots,$ $c_{k}$
$p_{kn}=S(n)p_{kn-k}+p_{kn-2k}$ $(n$. $\geq 1)$ , $p0=a0$ , $p_{-k}=u-a0v$ ,
$q_{kn}=S(n.)q_{kn.-k}+q_{k^{\wedge}n}-2k$ $(n$. $\geq 1)$ , $q_{0}=1$ , $q_{-k}=-v$
$S(n.)=uT(n.)+v+w$ $u,$ $v,$ $w$
$(\begin{array}{ll}u vw x\end{array})=(\begin{array}{ll}c\underline{\cdot)} 11 0\end{array})\cdots(\begin{array}{ll}c_{k\sim} 11 0\end{array})$




$(\begin{array}{ll}u vw \prime.\iota*\end{array})=(\begin{array}{ll}\prime\iota\iota_{n} v_{n}w_{n} X_{J}.n\end{array})=(\begin{array}{ll}a_{kn-k+2} 11 0\end{array})\cdots(\begin{array}{ll}a_{kn} 11 0\end{array})$
$(\begin{array}{ll}u’ v’l\angle)’ \prime.r.\end{array})=(\begin{array}{ll}u_{n-1} v_{n-1}w_{n-1} x_{\mathrm{v}\mathrm{z}-1}\end{array})=(\begin{array}{ll}a_{kn-k+2}.-’ 1\mathrm{l} 0\end{array})\cdots(\begin{array}{ll}a_{kn-k} 11 0\end{array})$
$(\begin{array}{ll}\prime p_{k^{\neg}n}.p_{\mathrm{A}\cdot\tau\iota- 1} q.\mathrm{A}\cdot\tau r\mathit{1}(h\cdot .,|-1\end{array})=(_{q\mathrm{A}\cdot\cdot?-\mathrm{x},q-}^{p_{\mathrm{A}_{7\iota-}k}pk_{ll}k-1}.\cdot..,\cdot \mathrm{A}.’.\tau\iota--\mathrm{A}.\cdot.1)(^{a_{k-k+1}1}n_{10})(_{uJ.\prime}^{\mathrm{e}(.v_{1^{*}}}.)$
$=(_{(,.1l)}^{(r\iota_{\mathrm{A}_{71-}\mathrm{A}\cdot 1^{ll+|l|).\mathrm{t}}}}.|\mathrm{A}^{\cdot}\cdot"-\mathrm{A}\cdot-\}1^{l\mathit{1}.+)_{\mathrm{f}}\prime}.\cdot.l\mathrm{A}"-\mathrm{x}\cdot+\downarrow 1_{l\cdot\prime-}^{l-}’.‘-‘\iota_{\mathrm{A}_{\mathfrak{l}\mathfrak{l}}\mathrm{A}^{\backslash }+1^{lJ+.t.\cdot)_{l\cdot-}\cdot+||_{l\mathrm{A}\cdot f1-\mathrm{A}\cdot-1}^{l^{j}\mathrm{A}\cdot h\cdot-1})}}\mathrm{A},\mathrm{A}\cdot-\prime\prime[perp](.-\mathrm{A}\cdot’\iota- \mathrm{A}.1^{lJ+.r)J_{\mathrm{A}\cdot\prime}}.\cdot l,\cdot\tau-\mathrm{A}\prime\prime \mathrm{A}\iota\cdot+\iota\cdot,’+l^{\prime_{\mathrm{A}\prime 1-\mathrm{A}}}\cdot+\cdot/_{\mathrm{A}\cdot \mathrm{A}^{\vee}1(_{\mathit{0}.\backslash +}\cdot\prime}|-$
.
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A $\gamma$] $\backslash l’\mathrm{A}\prime\prime=(|\mathrm{x}_{\mathrm{A}\cdot-\lambda\cdot\cdot\vdash 1^{ll+\{l\acute{\prime})_{l^{)}\mathrm{x},-\mathrm{x}\cdot+ll}k\mathrm{f}\acute{\mathrm{t}}_{\mathrm{f}}^{\Xi}5_{0}}}\prime\prime\cdot\prime l^{\prime_{\Lambda\cdot\prime\prime}}-\Lambda\cdot-1$
$(\begin{array}{lll}l^{J\bigwedge_{\prime\iota-\mathrm{A}}}\cdot T^{l}\mathrm{A}\cdot n-\mathrm{A}\cdot -1(\mathit{1}.\mathrm{A}\cdot\prime \mathrm{t}-\mathrm{A}\cdot ‘ l\mathrm{A}\prime,-\mathrm{A}^{\neg}-1 \end{array})=(\begin{array}{ll}l^{J}.\mathrm{A}_{7l}.-\underline{.)}\mathrm{A}\cdot l^{J}\mathrm{A}_{l?-\underline{\cdot)}}^{4}h^{\wedge}-[perp],l\mathrm{A}\prime\tau-\underline{.)}\mathrm{A}\cdot (\mathit{1}\mathrm{A}\cdot\prime l_{\sim}^{\urcorner}-.\mathrm{A}\cdot-\rfloor\end{array})(\begin{array}{ll}C\mathrm{l}\bigwedge_{\prime\prime-\underline{\cdot)}}.k-\vdash 1 11 [)\end{array})(\begin{array}{lll}ll’ ()’\mathrm{t}\ell, \cdots \prime\end{array})$
$(\begin{array}{ll}l^{J}\kappa-\cdot n-\underline{’}\kappa- p_{k^{\wedge}n-\underline{?}k^{-}-1}q_{karrow n-\underline{\cdot)}karrow} qk-n_{\sim}-.)k^{n}-1\end{array})$
$=(\begin{array}{ll}p_{karrow n-k^{\wedge}} p_{k- n-k-1}.q_{l\cdot n-}|\prime\kappa qkn-k^{\wedge}-1\end{array})(\begin{array}{ll}a_{kn-2k+1}\mathrm{c}\iota’+u\prime’ a_{kn-2k+1}.v’+..r’\mathrm{t}\iota v’\end{array})$
$=(-1)^{k}(\begin{array}{ll}p_{k^{\wedge}n-k} p_{k^{\wedge}n-k^{\wedge}-1}q_{\mathrm{A}^{\wedge}n-k^{\wedge}} q_{kn-k^{-}-1}\end{array})(\begin{array}{ll}v’ -(a_{k^{\wedge}n-2k+1}v’+\prime x’.)-u’ a_{kn-2k+1}..u,+w\end{array})$
$=(-1)^{k}(_{vq_{k^{\wedge}n-k^{\sim}}-uq_{k^{\wedge}n-k-1}}^{v’p_{kn-k}-u’p_{kn-k^{\mathrm{s}}-1}},\cdot,\cdot$ $***)$
T $\text{ _{ }}$ $pkn-2k=(-1)^{k}(v’p_{kn-k}-u’p_{kn-k-1})$ . $\tilde{}$ $p_{k- n}=S(n.)pk.n-k+$
$pk^{\mathrm{r}}\cdot n-2k$ [
$(a_{kn-k+1}u+w)p_{kn-k}+up_{kn-k-1}=S(n)p_{kn-k}+(-1)^{k-}(v’p_{kn-k}-u’p_{kn-k-1})$
$a_{k\cdot n-k+1}u+w=S(n)+$ (-y v’ $u=-(-1)^{k}u’$
$u$ $u’$ $k$, $u=u’$
T(n.)=ak $-k+1$ $\prime n$ $a_{kn-k+1}$.
$S(n\cdot)=’uT(n)+v’+w$
$u$ $a_{kr\iota-k+2}..,$ $\ldots,$ $a_{kn}$
[ $a_{i}(\cdot i=1, \ldots, k, )$ 1
$u_{1}=u_{2}=\ldots$ $a\kappa..\tau\iota-k+2$ , . . . , (Lk lf
$n\geq\underline{9}$ $v=v’$ $w=w’$ $S(n.)=\tau\iota T(n)+v+w$
$u=u_{1}=u_{2}=\ldots,$ $v=v_{1}=v_{2}=\ldots,$ $w=w_{1}=u)_{\underline{\circ}=}\ldots$ (
$x=x_{1}=x_{2}=\ldots)$
$q$
$(\begin{array}{ll}p_{k} p_{k-1}q_{k^{\sim}} q_{k-1}\end{array})=(\begin{array}{ll}a\mathrm{o} 11 0\end{array})$ ( $01$ ) $(\begin{array}{ll}u vw x\end{array})$
$=(\begin{array}{ll}a_{0}T(1)u+a_{0}w+\mathrm{e}\iota a_{0}T(1)v+a_{0}\prime x+vT(\mathrm{l})u+w T(1)v+x\end{array})$
$p_{k}=a_{0}T(1)u+a_{0}w+u$ $q_{k\sim}=T(1)u+w$ $\text{ }$ .
$p_{-k}=p_{k}-S(1)p_{0}=a_{0}T(1)u+a_{0}w+u-(uT(1)+v+w)a_{0}=\tau l,$ $-a_{0}v$
(l-k..$\square =c_{lk}$.























$P_{n}$. $=a_{n}.P_{n-1}+\epsilon_{n}P_{n-\underline{?}}$ $(n, \geq 1)$ , $P_{0}=a_{0}$ , $P_{-1}=1$ ,
$Q_{n}=a_{n}Q_{n-1}+\epsilon_{n}Q_{n-\underline{\cdot)}}$ $(n\geq 1)$ , $Q_{0}=1$ , $Q_{-1}’=0$




$P_{n}=S(n.)P_{7l}.-1+P_{n-\underline{\cdot)}}$ , $p_{kn}=S(n.)p_{kn-k}+p_{\mathrm{A}-\cdot n-2k}$
$Q_{n}.=S(n.)Q,1\cdot-1+Q_{\prime.-2},.$ , $q_{kr\iota}=S(n)q_{k_{l}.-k}.+q_{k}$ 7 -2k





$p_{\mathrm{A}-k}:\tau\}\underline’ q_{\mathrm{A}-,\iota}-l^{)}\mathrm{A}.’?^{l}l\Lambda\cdot.’?-\underline{\cdot\}}k=(-1)^{\tau\iota-1}S(_{\Gamma l}’..)_{\{\ell}$. $(n\geq 1)$ .

















1 $k$. 1 1
3. $\alpha$ $\alpha=[a_{0}; \overline{c_{1}}, T(n.), c_{3}, \ldots, c_{k^{\sim}}]_{n=1}^{\infty}$
$T(x)$ $T(n)$ $n$. $=1,2,$ $\ldots$ $k$
$c_{1},$ $c_{3},$ $\ldots,$ $c_{k}$
$p_{kr\iota+1}=S(\prime n.)p_{k\tau\iota-k+1}+p_{k\mathrm{r}\iota-2k+1}$ $(n$. $\geq 1)$ , $p_{-k+1}=p_{0}u-p_{1}v$ ,




$(\begin{array}{ll}ll \prime IJ?lJ ..1\cdot\end{array})=(\begin{array}{ll}( 11 0\end{array})\cdots(\begin{array}{ll}\mathrm{r}_{\lambda}j 11 0\end{array})(\begin{array}{ll}\mathrm{r}_{1} 11 \mathrm{t}\mathrm{I}\end{array})$
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$T\ovalbox{\tt\small REJECT} n\ovalbox{\tt\small REJECT}$
. $\alpha=[a_{0}; c_{1}, T(n), c_{3}, \ldots, c_{k}, c_{1}]_{=1}^{\infty},,$.












$pkn-\underline’ k+1qkn\dagger 1-pkn+1qk- n-2k+1=(-1)^{n}S(n.)u$ $(n\geq 1)$







$P-k+1q_{1}-l^{\mathit{1}}1‘ l-k-\vdash 1=(.p0’\{/$ . $-l’ 1^{\cdot}1.’)q_{1}-l^{\mathit{1}}1((.l0’\iota\downarrow$. $-q_{1}u)$







$T(x,)$ $T(n.)$ $n=1,2,$ $\ldots$ $k$.
$c_{j}(1\leq j\leq k_{l}, j\neq i)$
$p_{kn}+i=S(n.)p_{kn-k+i}+p_{kn-2k+i}$. $(n$. $\geq 1)$ , $p_{-k+i}=p_{i-1}u-p_{i}v$ ,
$q_{kn+i}=S(n,)q_{kn-k+i}+q_{k\cdot n-2k+i}$ $(n\geq 1)$ , $q_{-k+i}=q_{i-1}u-q_{i}v$
$S(n.)=uT(n.)+v+w$ $u,$ $v,$ $w$




$p_{kn-2k+iq_{k^{\wedge}n+i}}-Pkn+iq_{kn-2k+i}=(-1)^{n+i-1}.S(n.)\prime u$ $(n\geq 1)$
( )
$[a_{0};b_{1}, \ldots, b_{v\tau\iota}, \overline{a_{n+1},(n.),\ldots,a_{m+k}(n,)}]_{n=1}^{\infty}$.
$[a0;b_{1}, \ldots, b_{n\tau}, \overline{T(n.),c|’?\mathit{1}.+\underline{\cdot)}\ldots,c_{l1\mathrm{z}+k}}]_{n=1}^{\infty}$
$p_{k\cdot\prime\iota\{\cdot r\prime\iota}=S(n.)p_{k;\iota-k\dagger?71}+pk’\iota-2k+’?1$ ,






























$/s$ (s\geq 2) Elsner $s=1$
$s=1$ $s\geq 2$









3 12 $S(n)$ $T(n.)$
3. $p_{n}/q_{n}$
$[a_{0}, T(4n-3), 1,6, T(4n-2), 2,3, T(4n, -1), 3,2, T(4n.), 6,1]_{n=1}^{\infty}$
n. $(n=0,1,2, \ldots)$ $T(x)$ $T(n.)$ n $=1,2,$ $\ldots$
$p_{3r\iota}=S(n.)p_{37l}-3+p_{3n-6}(n$. $\geq 1)$ .
$S(1)=7T(1)+7$ ,
$S(n)=\{$
$7T(n.)+12$ . $\prime r\downarrow$ . $\equiv 1(\mathrm{m}\mathrm{o}\mathrm{d} 4)\cdot.$,
$7T(n.)+4$ . $\not\in \mathrm{h}1^{\backslash },\downarrow\%$
$(r|$. $\geq\underline{|)})$ .
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, $\ovalbox{\tt\small REJECT}\cdot\ovalbox{\tt\small REJECT} 3$ $\ell l_{1}\ovalbox{\tt\small REJECT}\{(,2\ovalbox{\tt\small REJECT}\ldots$ $u-1\ovalbox{\tt\small REJECT}\ovalbox{\tt\small REJECT}_{2}c_{3}\ovalbox{\tt\small REJECT} c_{\ovalbox{\tt\small REJECT}}\ovalbox{\tt\small REJECT}_{6}\ovalbox{\tt\small REJECT} c_{8}c_{9}\ovalbox{\tt\small REJECT}\ldots$
$l’$. $\ovalbox{\tt\small REJECT} 7$ $(v_{I\ovalbox{\tt\small REJECT} \mathit{1}\mathit{1}}")(n\ovalbox{\tt\small REJECT} 1.2,$ . . $\ovalbox{\tt\small REJECT}$
$(c_{\underline{)}}., c_{3})=(1_{7}6)$ , $(c_{5\backslash }c_{\mathrm{t})}.)=(2,3)$ , $(c_{8}, c_{9})=(3,2)_{:}$ $(c_{11\backslash }c_{12})=(6,1.)\backslash$
$(c_{14}, c_{15})=(1,6)_{\mathrm{t}}$ $(c_{17}, c_{18})=(2,3)$ , $(c_{20}, c_{21})=(3,2)_{\mathrm{t}}$ $(c_{23}, c_{24})=(6,1)$ ,
$S(n)=uT(n.)+v_{n-1}+\mathrm{u})n(n\geq 2)$
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